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Abstract
The forward limit of the chiral-odd generalized parton distributions (GPDs) and their lower
moments are investigated within the framework of the chiral quark soliton model (CQSM), with
particular emphasis upon the transversity decomposition of nucleon angular momentum proposed
by Burkardt. A strong correlation between quark spin and orbital angular momentum inside the
nucleon is manifest itself in the derived second moment sum rule within the CQSM, thereby pro-
viding with an additional support to the qualitative connection between chiral-odd GPDs and the
Boer-Mulders effects. We further confirm isoscalar dominance of the corresponding first moment
sum rule, which indicates that the Boer-Mulders functions for the u- and d-quarks have roughly
equal magnitude with the same sign. Also made are some comments on the recent empirical extrac-
tion of the tensor charges of the nucleon by Anselmino et al. We demonstrate that a comparison
of their result with any theoretical predictions must be done with great care, in consideration of
fairly strong scale dependence of tensor charges, especially at lower renormalization scale.
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I. INTRODUCTION
The concept of generalized parton distributions (GPDs) has recently attracted consid-
erable interest [1] - [6]. Naturally, these new quantities contain richer information on the
internal quark-gluon structure of the nucleon, well beyond what can be learned from the
usual parton distribution functions (PDFs). A complete set of quark GPDs at the leading
twist 2 contains four helicity conserving distributions, usually denoted as Hq, Eq, H˜q, E˜q,
and four helicity-flip (chiral-odd) distributions, labeled as HqT , E
q
T , H˜
q
T , E˜
q
T [7],[8]. These
GPDs are all functions of three kinematical variables, x, ξ, and t, where x is a generalized
Bjorken variable, t is the four-momentum-transfer square of the nucleon, while ξ is the lon-
gitudinal momentum transfer, usually called the skewdness parameter. The standard PFDs
are naturally contained as a subset of these GPDs. That is, in the forward limit ξ, t→ 0 of
zero momentum transfer, Hq(x, ξ, t) and H˜q(x, ξ, t) reduce to the unpolarized distribution
function q(x), and the longitudinally polarized distribution functions ∆q(x), respectively.
On the other hand, HqT (x, ξ, t) reduces to the so-called transversity distribution function
∆T q(x).
Experimental studies so far have mostly been concentrated on the helicity-conserving
(chiral-even) GPDs, especially on Hq(x, ξ, t) and Eq(x, ξ, t) [9] -[12], because they are very
interesting quantities for clarifying the role of quark orbital angular momentum in the nu-
cleon spin problem [3],[13] -[15] and also because they are easier to access experimentally
as compared with the helicity-flip (chiral-odd) GPDs. Although there exist some proposals
to access to the chiral-odd GPDs in diffractive double meson production [16],[17], we now
have almost no empirical information on them. (An exception is the forward limit of GPD
Hq(x, ξ, t), i.e. the transversity ∆T q(x). The first empirical extraction of the transversity
distribution has recently been done by Anselmino et al. based on the combined global
analysis of the measured azimuthal asymmetries in semi-inclusive scatterings and those in
e+e− → h1h2X processes [18],[19].)
Although a direct experimental access to the chiral-odd GPDs is not very easy at the
present moment, it was shown by Burkardt that they are not only interesting from a theoret-
ical viewpoint but also they have important influence on some physical observables [20],[21].
First, the transversity decomposition of quark angular momentum in the nucleon intro-
duced by him indicates that a strong correlation between quark spin and angular momen-
2
tum is hidden in the 2nd moment of chiral-odd GPDs, more specifically in the combination
HqT + 2 H˜
q
T + E˜
q
T . He also suggested that a strong correlation would exist between the 1st
moment of 2 H˜q + E˜q and the Boer-Mulders functions h⊥q1 describing the asymmetry of the
transverse momentum of quarks perpendicular to the quark spin in an unpolarized target
[22]. (This is a variant of the analogous relation between the Sivers function [23] and the
anomalous magnetic moment of a quark with the flavor q also proposed by him [24],[25].)
Turning to the status of theoretical studies of chiral-odd GPDs, most works so far have
been restricted to the studies of the transversity ∆q(x), which is the forward limit of the
GPD HqT (x, ξ, t). A lot of model calculations were reported on the transversity and its 1st
moment, i.e. the tensor charge [26] -[37]. There also exist lattice QCD studies on the lower
moments of HqT (x, ξ, t). Its 1st moment, i.e. the tensor charge, was first investigated in [38],
while the simulations were extended to include its 2nd moment as well in [39]. However,
the lattice QCD studies on the moments of other GPDs, i.e. EqT , H˜
q
T , E˜
q
T , have not been
reported yet. Concerning the full x, ξ, t dependence of the chiral-odd GPDs, there have
been only a few model calculations. The one is the investigation by Pasquini, Pincetti, and
Boffi [40]-[42] within the framework of the light-front constituent quark model (see also a
similar investigation by Dahiya and Mukherjee [43]), and the other is the calculation by
Scopetta based on a simple version of the MIT bag model. Probably, most extensive is the
investigation by Pasquini et al. [40]. They gave predictions not only for the lower moments
of GPDs but also for the full x, ξ, t-dependence of those GPDs. Note however that their
calculations were made possible in price of one crude approximation. That is, in their model
calculations, only the lowest-order Fock-space components of the light-front wave functions
with three valence quarks are taken into account. The previous investigation of the chiral-
even unpolarized GPD H(I=0)(x, ξ, t) based on the approximate treatment of the CQSM
[45] indicates that this approximation is not necessarily justified, and the inclusion of higher
Fock-components may bring about richer x- and ξ-dependence in the GPDs.
In the present investigation, we try to investigate chiral-odd GPDs beyond the three
valence quark approximation. Within the CQSM, which we shall use, the effects of higher
Fock-space components can be included nonperturbatively as contributions of deformed
Dirac-sea quarks in the hedgehog mean field [52],[53], not through the perturbative Fock-
space expansion. Unfortunately, technical hardness of this ambitious program does not allow
us complete calculation of GPDs in full dependence of the three kinematical variables, x, ξ
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and t, at the present stage. In the present investigation, we therefore content ourselves in
the calculation of the forward limit of a GPD, i.e. GqT (x, 0, 0) ≡ limξ→0,t→0 [HqT (x, ξ, t) +
2 H˜qT (x, ξ, t) + E
q
T (x, ξ, t) ], since, except for the transversity distribution H
q
T (x, 0, 0), this
distribution is physically the most interesting quantity, which is thought to contain valuable
information on the correlation between the quark spin and orbital angular momentum inside
the nucleon as pointed out by Burkardt [20], [21]. (There already exist several investigations
within the CQSM on the forward limit of chiral-even GPD E(x, ξ, t) [46],[47] as well as on
the generalized form factors corresponding to its lower moments [48]-[51].) Concerning the
transversity ∆T q(x) = H
q
T (x, 0, 0) contained in the combination to define G
q
T (x, 0, 0), the first
empirical information has recently obtained by Anselmino et al. through the semi-inclusive
deep inelastic scatterings [18],[19]. The extracted transversities and/or their 1st moments
were compared with some model predictions. We shall discuss in the present paper, that
such a comparison is potentially very dangerous if one does not pay the closest attention to
the fairly strong scale dependence of the transversities.
The paper is organized as follows. First, in sect.II, we shall derive theoretical formulas,
which are necessary for evaluating the relevant GPDs within the framework of the CQSM.
Next, in the first part of sect.III, we show the results of numerical calculation for the isoscalar
and isovector part of GqT (x, 0, 0) as well as their 1st and 2nd moments. The second part of
sect.III is devoted to the discussion on the delicacy, which is shown to arise in a comparison
between the recent empirical determination of the tensor charges and the corresponding
theoretical predictions. Some concluding remarks are then given in sect.IV.
II. CHIRAL-ODD GPDS IN THE CQSM
The chiral-odd GPDs are defined as nonforward matrix elements of light-cone correlation
of the tensor current as
M = 1
2
∫
dz−
2 π
ei x P
+ z− 〈p′, λ′ | ψ¯
(
− z
2
)
i σ+j γ5 ψ
(
− z
2
)
| p, λ〉
=
1
2P+
u¯(p′, λ′)
[
HT (x, ξ, t) i σ
+j γ5 + H˜T (x, ξ, t)
i ǫ+jαβ ∆α Pβ
M2N
+ ET (x, ξ, t)
i ǫ+jαβ ∆α γ5
2MN
+ E˜T (x, ξ, t)
i ǫ+jαβ Pα γβ
MN
]
u(p, λ), (1)
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where i = 1, 2 is a transverse index, while p (p′) and λ (λ′) are the momentum and the
helicity of the initial (final) nucleon, respectively. We use here the light-cone coordinates
v± = (v0 ± v3) /√2, and v⊥ = (v1, v2) for any four-vector vµ. We also use the notation
P =
1
2
(p′ + p), ∆ = p′ − p. (2)
As is widely known, the GPDs depends on three kinematical variables, x, ξ, and t, where
x is a generalized Bjorken variable, t = ∆2 is the four-momentum-transfer squared of the
nucleon, and ξ = −∆+ / (2P+) denotes the longitudinal momentum transfer, usually called
the skewdness parameter.
For model calculation, it is convenient to work in the so-called Breit frame, in which
p′ =
(
E∆/2,+∆/2
)
, p =
(
E∆/2,−∆/2
)
, (3)
so that
P =
(
E∆/2, 0
)
, ∆ = (0,∆) . (4)
We also assume large Nc kinematics, in which the nucleon is heavy, MN ∼ O(Nc), and its
center-of-mass motion is essentially nonrelativistic. Under these circumstances, ∆i = O(N0c )
and ∆0 = O(N−1c ), so that the hierarchy holds that MN ≫ |∆i| ≫ |∆0|. Note also that t =
−∆ = O(N0c ) and ξ = −∆3/(2MN) = O(N−1c ). Then, noting that ∆ = (∆⊥,− 2MN ξ),
we evaluate the right hand side of eq. (1), to obtain
M ∼
[
HT +
∆2⊥
8M2N
(
ET − 1
2
HT
)
+ ξ E˜T
]
σ1
+
1
2MN
[
HT + 2 H˜T + ET
]
i∆2
+
1
2MN
E˜T ∆1 σ3
−
[
ET − 1
2
HT
]
1
4M2N
{
∆1 (σ ·∆⊥) − 1
2
∆2⊥ σ1
}
. (5)
Since we are interested in the forward limit (∆⊥ → 0, ξ → 0) in the present investigation,
we can project out these four independent pieces as
HT (x, 0, 0) =
1
2 π
∫ 2pi
0
dφ
1
2
trσ1M, (6)
1
2MN
[
HT + 2 H˜T + ET
]
(x, 0, 0) =
1
π
∫ 2pi
0
dφ
∆2
i |∆⊥|2
1
2
trM, (7)
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12MN
E˜T (x, 0, 0) =
1
π
∫ 2pi
0
dφ
∆1
|∆⊥|2
1
2
trσ3M, (8)
− 1
4M2N
[
ET − 1
2
HT
]
(x, 0, 0) =
2
π
∫ 2pi
0
dφ
1
|∆⊥|4
× 1
2
tr
[
(∆⊥ · σ)∆1 − 1
2
∆2⊥ σ1
]
M, (9)
where φ is the azimuthal angle of the transverse vector ∆⊥, i.e. ∆⊥ = |∆⊥| (cosφ, sinφ).
For convenience, let us use below the shorthand notation :
GT (x, ξ, t) ≡ HT (x, ξ, t) + 2 H˜T (x, ξ, t) + ET (x, ξ, t), (10)
KT (x, ξ, t) ≡ ET (x, ξ, t) − 1
2
HT (x, ξ, t). (11)
Now, we are ready to evaluate the amplitudes M explicitly in the CQSM. We first
investigate the answer at the mean field level, i.e. we derive theoretical expressions for
the O(Ω0) contribution to M, with Ω being the collective angular velocity of the rotating
hedgehog mean field. Using the formalism developed in the previous studies [32], [54] -
[61], the isoscalar part of M(x, 0, t) at the O(Ω0) is given as a sum over all the occupied
eigen-states of the Dirac Hamiltonian H :
M(I=0)(x, 0, t) = MN
∫
dz0
2 π
∫
d3x e i∆⊥·x
× Nc
∑
n∈occ
ei z0 (xMN−En)Φ†n(x) (γ1 γ5 − i γ2) Φn(x− z0 e3), (12)
with e3 = (0, 0, 1) being a unit vector in the z direction. Here, Φn(X) are the eigenfunctions
of the Dirac hamiltonian with the hedgehog mean field, i.e.
H Φn(x) = EnΦn(x), (13)
with
H =
α · ∇
i
+ β M ei γ5 τ ·rˆ F (r). (14)
Noting that
e i∆⊥·x = 1 + i∆⊥ · x − 1
2
(∆⊥ · x)2 + · · · , (15)
we easily find that
H
(I=0)
T (x, 0, 0) = 0 (16)
1
2MN
G
(I=0)
T (x, 0, 0) = MN Nc
∑
n∈occ
〈n | x2 (γ1 γ5 − i γ2) δ(xMN − En − p3) |n〉, (17)
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12MN
E˜
(I=0)
T (x, 0, 0) = 0, (18)
1
4M2N
K
(I=0)
T (x, 0, 0) = 0, (19)
which shows that only G
(I=0)
T (x, 0, 0) survives among the four GPDs, at the lowest order in
Ω, or in 1/Nc expansion.
Next, we turn to the isovector part. The isovector part of M(x, 0, t) is given as
M(I=1)(x, 0, t) = MN
∫
dz0
2 π
∫
d3x e i∆⊥·x
× Nc
∑
n∈occ
ei z0 (xMN−En)Φ†n(x)A
† τ3A (γ1 γ5 − i γ2) Φn(x− z0 e3), (20)
where A is the rotation matrix belonging to flavor SU(2). Here we use the identity
A† τ3A = D3k(A) τk, (21)
where D3k(A) is a Wigner’s rotation matrix, which should eventually be sandwiched be-
tween the rotational wave functions Ψ
(T=S=1/2)
T3,J3 [A] representing the spin-isospin states of the
nucleon. Using the expansion (15), together with the replacement
D3k(A) −→ − 1
3
(τ3)T ′3T3
(σk)S′3S3
, (22)
which should be interpreted as an abbreviation of the identity
∫
Ψ
(T=S=1/2)∗
T ′3,S
′
3
[A] D3k(A) Ψ
(T=S=1/2)
T3,S3 [A] DA = −
1
3
(τ3)T ′3T3
(σk)S′3S3
, (23)
in the projection formulas (7) - (9), we are led to the following expressions for the O(Ω0)
contributions to the isovector parts of four GPDs as
H
(I=1)
T (x, 0, 0) = MN
(
− Nc
3
) ∑
n∈occ
〈n | τ1 (γ1 γ5 − i γ2) δ(xMN − En − p3) |n〉, (24)
1
2MN
G
(I=1)
T (x, 0, 0) = 0, (25)
1
2MN
E˜
(I=1)
T (x, 0, 0) = MN
(
− Nc
3
) ∑
n∈occ
〈n | i x1 τ3 (γ1 γ5 − i γ2) δ(xMN − En − p3) |n〉, (26)
1
4M2N
K
(I=1)
T (x, 0, 0) = MN
(
− Nc
3
) ∑
n∈occ
× 〈n | 1
2
[ 2 (x⊥ · τ ) x1 − x2⊥ τ1 ] (γ1 γ5 − i γ2) δ(xMN −En − p3) |n〉. (27)
Note that, just opposite to the isoscalar case, only G
(I=1)
T (x, 0, 0) vanishes, while other three
GPDs are generally nonzero.
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The O(Ω1) contributions, or equivalently, the next-to-leading contributions in 1/Nc ex-
pansion, can similarly be evaluated, although the manipulation is much more complicated.
Skipping the detailed derivation, we first write down the answers for the isoscalar parts :
H
(I=0)
T (x, 0, 0) = −MN
Nc
2 I
∑
m∈all,n∈occ
〈m | τ1 |n〉
× 〈n | (γ1 γ5 − i γ2)
(
1
Em −En −
1
2MN
d
dx
)
δ(xMN − En − p3) |m〉, (28)
1
2MN
G
(I=0)
T (x, 0, 0) = 0, (29)
1
2MN
E˜
(I=0)
T (x, 0, 0) = −MN
Nc
2 I
∑
m∈all,n∈occ
〈m | τ3 |n〉
× 〈n | i x1 (γ1 γ5 − i γ2)
(
1
Em −En −
1
2MN
d
dx
)
δ(xMN −En − p3) |m〉, (30)
1
4M2N
K
(I=0)
T (x, 0, 0) = −MN
Nc
2 I
∑
m∈all,n∈occ
〈m | τc |n〉
× 〈n | 1
2
[ (x21 − x22) δc,1 + 2 x1 x2 δc,2 ] (γ1 γ5 − i γ2)
×
(
1
Em −En −
1
2MN
d
dx
)
δ(xMN − En − p3) |m〉. (31)
On the other hand, the O(Ω1) contributions to the isovector part are given as
H
(I=1)
T (x, 0, 0) = i ε1acMN
Nc
6 I
∑
m∈nocc,n∈occ
1
Em −En
× 〈m | τc |n〉 〈n | τa (γ1 γ5 − i γ2) δ(xMN −En − p3) |m〉, (32)
1
2MN
G
(I=1)
T (x, 0, 0) = −MN
Nc
6 I
∑
m∈all,n∈occ
〈m | τc |n〉
× 〈n | τc x2 (γ1 γ5 − i γ2)
(
1
Em −En −
1
2MN
d
dx
)
δ(xMN − En − p3) |m〉, (33)
1
2MN
E˜
(I=1)
T (x, 0, 0) = i ε3acMN
Nc
6 I
∑
m∈nocc,n∈occ
1
Em − En
× 〈m | τc |n〉 〈n | τa i x1 (γ1 γ5 − i γ2) δ(xMN −En − p3) |m〉, (34)
1
4M2N
K
(I=1)
T (x, 0, 0) = i εbacMN
Nc
6 I
∑
m∈nocc,n∈occ
1
Em − En 〈m | τc |n〉
× 〈n | τa 1
2
[ (x21 − x22) δb,1 + 2 x2 x2 δb,2 ] (γ1 γ5 − i γ2) δ(xMN − En − p3) |m〉 . (35)
To sum up, we can summarize the novel Ω dependence of the eight GPDs as
H
(I=0)
T (x, 0, 0) = 0 + O(Ω
1), (36)
G
(I=0)
T (x, 0, 0) = O(Ω
0) + 0, (37)
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E˜
(I=0)
T (x, 0, 0) = 0 + O(Ω
1), (38)
K
(I=0)
T (x, 0, 0) = 0 + O(Ω
1), (39)
and
H
(I=1)
T (x, 0, 0) = O(Ω
0) + O(Ω1), (40)
G
(I=1)
T (x, 0, 0) = 0 + O(Ω
1), (41)
E˜
(I=1)
T (x, 0, 0) = O(Ω
0) + O(Ω1), (42)
K
(I=1)
T (x, 0, 0) = O(Ω
0) + O(Ω1), (43)
where terms which do not contribute are denoted as 0. Since Ω is an O(1/Nc) quantity,
this especially means that GT (x, 0, 0) is a quantity with isoscalar dominance, although the
isovector component also exists as an 1/Nc correction. (See the discussion in sect.III.) One
may also notice that the contributions to the isovector GPDs, H
(I=1)
T , E˜
(I=1)
T , and K
(I=1)
T ,
survive at the mean-field level, or at the O(Ω0) level, while these GPDs receive O(Ω1)
contributions as well. The appearance of the antisymmetric ε-tensor, as observed in Eqs.(40),
(42) and (43), is a characteristic feature of this novel 1/Nc correction. This unique 1/Nc
correction is known to play an important role for resolving the notorious underestimation
problem of some isovector observables of the nucleon like the isovector axial charge and the
isovector magnetic moment, inherent in the hedgehog-type soliton model [62], [63],[64].
So far, we have derived the theoretical expressions for the forward limits of four chiral-
odd GPDs, HT (x, ξ, t), ET (x, ξ, t), H˜T (x, ξ, t), and E˜T (x, ξ, t) in the CQSM. Since the for-
ward limit of HT (x, ξ, t), which is known to reduce to the familiar transversity distribution
∆T q(x), has already been investigated within the CQSM [32] -[36], we need to evaluate
the remaining three independent GPDs, ET (x, 0, 0), H˜T (x, 0, 0), and E˜T (x, 0, 0), or equiv-
alently, GT (x, 0, 0), KT (x, 0, 0), and E˜T (x, 0, 0). Unfortunately, we find that the numerical
calculation of KT (x, 0, 0) is quite involved. In the present study, we therefore concentrate
on GT (x, 0, 0), which is a special combination of three GPDs, HT (x, 0, 0), H˜T (x, 0, 0), and
ET (x, 0, 0), as given by (10). From a physical viewpoint, this is the most interesting quan-
tity, which appears in Burkardt’s transversity decomposition of quark angular momentum
[20],[21].
According to Burkardt, the transverse decomposition of angular momentum in the nu-
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cleon is given in the form
〈Jxq 〉 = 〈Jxq,+xˆ〉 + 〈Jxq,−xˆ〉, (44)
where the 1st and the 2nd terms in the right hand side respectively stand for the angular
momentum carried by quarks with transverse polarization in the + xˆ and − xˆ directions in
an unpolarized nucleon at rest. On the other hand, the difference of the above two quantities
gives the transverse asymmetry
〈δx Jxq 〉 = 〈Jxq,+xˆ〉 − 〈Jxq,−xˆ〉, (45)
which can be interpreted as representing a correlation between quark spin and orbital angular
momentum in an unpolarized nucleon. Burkardt has derived the identities, which relate the
above two quantities to the 1st and the 2nd moment of GPDs as
〈Jxq 〉 =
Sx
2
∫ 1
−1
[H(x, 0, 0) + E(x, 0, 0) ] dx (46)
〈δJxq 〉 =
1
2
∫ 1
−1
x
[
HT (x, 0, 0) + 2 H˜T (x, 0, 0) + ET (x, 0, 0)
]
dx
=
1
2
∫ 1
=1
xGT (x, 0, 0) dx. (47)
The quantities appearing in the 1st sum rule are the forward limit of the familiar (chiral-
even) unpolarized GPDs, H(x, ξ, t) and E(x, ξ, t). This identity is essentially Ji’s nucleon
spin sum rule and nothing new [3]. What is new is the second sum rule. It relates the above-
mentioned transverse asymmetry to the 2nd moment of the chiral-odd GPD GT , which we
recall is a particular combination of HT , H˜T , and ET . It is interesting to see the explicit
form for the 2nd moment of G
(I=0)
T (x, 0, 0) in the CQSM. From (17), we readily find that
∫ 1
−1
xG
(I=0)
T (x, 0, 0) dx
=
2
3
Nc
∑
n∈occ
{
En 〈n | (− i)γ · x |n〉 + 1
2
〈n | γ0Σ ·L |n〉
}
=
2
3
Nc
∑
n∈occ

En 〈n |

 0 − iσ · x
iσ · x 0

 |n〉 + 1
2
〈n |

 σ ·L 0
0 −σ ·L

 |n〉

 , (48)
with Σ ≡ γ0 γ γ5 being the relativistic spin operator of quark field. As argued by Burkardt,
the transverse asymmetry signals the correlation between quark spin and orbital angular
momentum in an unpolarized target. One can clearly see that such correlation manifests
itself in the 2nd term of the above sum rule (48), since it reduces to the nucleon matrix
10
element (at the mean-field level) of the operator γ0Σ · L, which is certainly the scalar
product of the relativistic spin and orbital angular momentum of quarks aside from an extra
factor γ0. Unfortunately, the 1st term of eq.(48) is a highly model dependent expression, as
convinced from the appearance of the single-particle energy En of the Dirac Hamiltonian H
with the hedgehog mean field. This makes a simple physical interpretation of the 1st term
not so easy.
Before ending this section, we want to make a brief comment on the GPD E˜T (x, ξ, t).
Although this GPD is generally nonzero (see Eqs. (26), (34), and (30)), its 1st moment is
known to vanish by time reversal invariance [8]. As a consistency check of our theoretical
framework, we shall explicitly prove in Appendix that the 1st moment of E˜T (x, 0, 0) in fact
vanishes identically.
III. NUMERICAL RESULTS AND DISCUSSIONS
A. chiral-odd GPDs and transversity decomposition of angular momentum
Within the framework of the CQSM, the expression of any nucleon observable is divided
into two parts, i.e. the contribution of what-we-call the valence quark level (it is the lowest
energy eigenstate of a Dirac equation with the hedgehog mean field, which emerges from
the positive energy continuum) and that of the deformed Dirac sea quarks. Since the latter
contains ultraviolet divergences, it must be regularized. Here, we use the Pauli-Villars
regularization scheme with single subtraction, for simplicity [54]-[32]. The Pauli-Villars
regulator mass MPV is not an adjustable parameter of the model. It is uniquely determined
from a model consistency, once the dynamical quark mass M , the only one parameter of
the CQSM, is fixed to be M = 375MeV from the phenomenology of the nucleon low energy
observables.
We first show in Fig.1 the CQSM predictions for the forward limit of the isoscalar
GPD G
(I=0)
T (x, ξ, t), i.e. G
(I=0)
T (x, 0, 0) ≡ limξ→0,t→0 [H(I=0)T (x, ξ, t) + 2 H˜(I=0)T (x, ξ, t) +
E
(I=0)
T (x, ξ, t) ]. Here, the dashed and dash-dotted curves respectively stand for the contri-
bution of Nc ( = 3 ) valence quarks and that of deformed Dirac-sea quarks, while their sum
is shown by the solid curve. The distribution function in the negative x region should be
interpreted as antiquark distribution except for an extra minus sign related to the charge-
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FIG. 1: The prediction of the CQSM for the forward limit of the isoscalar GPD G
(I=0)
T (x, 0, 0) ≡
limξ→0,t→0 [H
(I=0)
T (x, ξ, t) + 2 H˜
(I=0)
T (x, ξ, t) + E
(I=0)
T (x, ξ, t) ]. The dashed and dotted curves re-
spectively stand for the contributions of Nc (= 3) valence quarks and of deformed Dirac-sea quarks,
while their sum is shown by the solid curve.
conjugation property of this distribution. One clearly sees a strong chiral enhancement of the
deformed Dirac-sea contribution in the small x region. We recall the fact that a similar chiral
enhancement of the Dirac-sea contribution is also observed in the CQSM prediction for more
familiar unpolarized parton distribution function of isoscalar type, and that it plays a crucial
role for ensuring the positivity condition of the antiquark distribution u¯(x) + d¯(x) [54],[55].
Naturally, such chiral enhancement of the antiquark distribution cannot be reproduced by
such a model as light-cone constituent quark model with Nc ( = 3) quark approximation.
Next, shown in Fig.2 is the CQSM prediction for the forward limit of the isovector
GPD G
(I=1)
T (x, ξ, t), i.e. G
(I=1)
T (x, 0, 0) ≡ limξ→0,t→0 [H(I=1)T (x, ξ, t) + 2 H˜(I=1)T (x, ξ, t) +
E
(I=1)
T (x, ξ, t) ]. Here, the meaning of the curves is the same as in the previous figure. Also for
the isovector distribution, one observes a strong chiral enhancement of the deformed Dirac-
sea contribution in the small x region. The x dependence of the Dirac-sea contribution
for this isovector distribution turns out to be totally different from the isoscalar distribu-
12
tion, however. The deformed Dirac-sea contribution for the isovector distribution is nearly
symmetric with respect to the variable change x → −x, in sharp contrast to the isoscalar
distribution, which is approximately antisymmetric. This behavior is again resembling more
familiar unpolarized parton distribution function of isovector type [58],[59], [60]. We recall
the fact that this chiral enhancement of the isovector unpolarized distribution is just what
is required by the celebrated NMC measurement, which established the dominance of d¯ sea
over the u¯ sea inside the proton [65]. Unfortunately, we do not have any simple explanation
about why such a similarity exists between the small x behaviors of the unpolarized parton
distribution functions q(x) and the forward limit of the GPD GT (x, ξ, t).
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FIG. 2: The prediction of the CQSM for the forward limit of the isovector GPD G
(I=1)
T (x, 0, 0) ≡
limξ→0,t→0 [H
(I=1)
T (x, ξ, t) + 2 H˜
(I=1)
T (x, ξ, t) + E
(I=1)
T (x, ξ, t) ]. The meaning of the curves is the
same as in Fig.1.
As discussed before, the above two distribution, i.e, G
(I=0)
T (x, 0, 0) and G
(I=1)
T (x, 0, 0),
are very interesting quantities from a physical viewpoint, since they give the transversity
decomposition of the angular momentum inside the nucleon. So far, there exist only a few
theoretical investigations on the chiral-odd GPDs and their moments. In table I, we com-
pare the CQSM predictions for the transverse asymmetries with those of the two versions
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of the light-front constituent quark model by Pasquini et al., that is the harmonic oscilla-
tor (HO) model and the hyper central model [40]. Note that their models are essentially
the three quark model with relativistic kinematics. One finds that the predictions of the
CQSM just lie between the HO model and the hyper central model. In all the three mod-
els, the isoscalar transverse asymmetry is seen to be larger than the isovector one, but the
isoscalar-to-isovector ratio is largest in the CQSM. This observation is qualitatively consis-
tent with the large Nc prediction given in [66]. However, literally taking the Nc →∞ limit,
the ratio 〈δxJu+dx 〉 / 〈δxJu−dx 〉 would become infinite. Our present analysis here shows that
GT (x, ξ, t) is an isoscalar-dominant quantity but the isovector component, which arises as a
1/Nc correction, is also important.
transverse asymmetry HO Hypercentral CQSM
〈δxJux 〉 0.68 0.39 0.49
〈δxJdx〉 0.28 0.10 0.22
2 〈δxJu+dx 〉 1.92 0.98 1.41
2 〈δxJu−dx 〉 0.80 0.58 0.54
〈δxJu+dx 〉 / 〈δxJu−dx 〉 2.40 1.69 2.61
TABLE I: Some theoretical predictions for the transverse asymmetry. Here, the second and the
third columns stand for the two versions of the light-front constituent quark model of Pasquini et
al. [40], i.e. the harmonic oscillator model (HO) and the hyper central model (HYP), while the
predictions of the CQSM are shown in the fourth column.
Also interesting is the 1st moment sum rule for GT , which can be divided into two
pieces, i.e. the 1st moment of the transversity HqT (x, 0, 0) and that of the distribution
2 H˜qT (x, 0, 0) + E
q
T (x, 0, 0) as
∫ 1
−1
GqT (x, 0, 0) dx =
∫ 1
−1
HqT (x, 0, 0) dx +
∫ 1
−1
[ 2 H˜qT (x, 0, 0) + E
q
T (x, 0, 0) ] dx. (49)
Here, the 1st term of the r.h.s. of the above equation, i.e. the 1st moment of the transversity,
gives the tensor charge
∆T q =
∫ 1
−1
HqT (x, 0, 0) dx. (50)
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On the other hand, the 2nd term, i.e. the 1st moment of 2 H˜qT (x, 0, 0) + E
q
T (x, 0, 0) defined
by
κqT =
∫ 1
−1
[ 2 H˜qT (x, 0, 0) + E
q
T (x, 0, 0) ] dx, (51)
was given an interpretation as a quantity governing the transverse spin-flavor dipole moment
in an unpolarized target by Burkardt. In fact, he showed that κqT gives us an information on
how far and in which direction the average position of quarks with spin in the xˆ direction
for an unpolarized target relative to the center of momentum. The decomposition (49)
corresponds to a similar decomposition of the 1st moment sum rule for the unpolarized GPD,
EqM(x, ξ, t) ≡ Hq(x, ξ, t) + Eq(x, ξ, t), which gives the total magnetic moment consisting of
the quark number N q and the anomalous magnetic moment κq as
∫ 1
−1
EqM(x, 0, 0) dx =
∫ 1
−1
Hq(x, 0, 0) dx +
∫ 1
−1
Eq(x, 0, 0) dx = N q + κq. (52)
In table II, we again compare the CQSM predictions for the quantities κqT (here we tentatively
call it the “anomalous tensor moment”) with the corresponding predictions of Pasquini et
al. Here, the prediction for the isoscalar part is closer to that of the HO model, while the
prediction for the isovector part is closer to that of the hyper central model.
1st moment of 2 H˜T + ET HO Hypercentral CQSM
κuT 3.60 1.98 3.47
κdT 2.36 1.17 2.60
κu+dT 5.96 3.15 6.07
κu−dT 1.24 0.81 0.88
κu+dT /κ
u−d
T 4.81 3.89 6.90
TABLE II: The theoretical predictions for the 1st moment of 2 H˜T +ET .
According to Burkardt’s conjecture, one would expect an intimate connection between
the time-reversal-odd (T-odd) transverse momentum-dependent distributions and the GPDs.
They are the approximate proportionality relation between Siver’s function and the anoma-
lous magnetic moment with opposite sign [24],[25],
f⊥q1 (x, k
2
⊥) ∼ −κq, (53)
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and also the proportionality relation between Boer-Mulders’ function and the anomalous
tensor moment [20],[21],
h⊥q1 (x, k
2
⊥) ∼ −κqT . (54)
If his conjecture is combined with with some typical model predictions for the anomalous
tensor moments, one would get the following approximate relations :
h⊥d1 ∼
1
2
h⊥u1 : MIT bag model,
h⊥d1 ∼ h⊥u1 : Large Nc prediction,
h⊥d1 ∼
3
4
h⊥u1 : CQSM,
thereby dictating that the Boer-Mulders functions for the u- and d-quarks would have the
same sign, although the predictions on the relative magnitudes are a little variant. This
should be contrasted with the fact that Sivers functions for the u- and d-quarks appears to
have opposite sign as
f⊥d1 ∼ − f⊥u1 , (55)
in conformity with empirically known relation
κd ∼ −κu. (56)
From our viewpoint, the origin of this qualitative difference is very simple. It comes from the
fact that the anomalous magnetic moment is a quantity with isovector dominance, whereas
the quantities κqT is of isoscalar dominance, as expected from the Nc counting rule indicated
in Eqs.(36)-(39).
B. tensor charges : current empirical information versus theoretical predictions
Some years ago, the first empirical extraction of the transversity distributions has been
made by Anselmino et al. based on the combined global analysis of the measured azimuthal
asymmetries in semi-inclusive deep inelastic scatterings (SIDIS) and those in e+e− → h1h2X
processes. More recently, they have further refined their global analysis by using new data
from HERMES, COMPASS, and BELLE Collaborations [19]. The 1st x-moments of the
transversity distributions - related to the tensor charge - have been extracted to be
∆Tu = 0.59
+ 0.14
– 0.13
, ∆Td = − 0.20 + 0.05
– 0.07
, (57)
16
at the renormalization scale Q2 = 0.8GeV2. They concluded that their new transversity
distributions are close to some model predictions, especially the predictions by a covariant
quark-diquark model by Cloe¨t at al. [37]. This agreement is related to the fact that the
predictions by Cloe¨t et al. give the smallest magnitudes of tensor charges among many
theoretical predictions including those of the lattice QCD. As we shall discuss below, this
statement appears very misleading, however. A delicate point is that the tensor charges
are strongly scale-dependent quantities especially at low renormalization scale. In fact, the
bare predictions of the covariant quark-diquark model given in [37] for the tensor charges
are nothing small. They are
∆Tu = 1.04, ∆Td = − 0.24, (58)
or in the isospin language,
∆T q
(I=1) = 1.28, ∆T q
(I=0) = 0.80. (59)
Cloe¨t et al. regard the transversity distributions, which give the above 1st moments, as
initial distributions given at the scale Q2 = 0.16GeV2, and take account of their scale
dependencies by using the next-to-leading (NLO) evolution equation. This procedure gives
the tensor charges at the scale Q2 = 0.4GeV2 :
∆Tu = 0.69, ∆Td = − 0.16, (60)
or equivalently
∆T q
(I=1) = 0.85, ∆T q
(I=0) = 0.53, (61)
which are much smaller than the bare predictions of the model despite pretty small scale
difference.
As naturally anticipated, to start the NLO evolution at such low energy scale as Q2 =
0.16GeV2 is very dangerous. To convince it more concretely, we first show in Fig.3 the QCD
running coupling constant αS(Q
2) at the NLO as a function of Q2. Here, we have used the
standard NLO formula
αNLOS (Q
2) =
4 π
β0 ln(Q2/Λ2)
[
1 − β1
β20
ln ln(Q2/Λ2)
ln(Q2/Λ2)
]
, (62)
where
β0 = 11 − 2
3
nf , β1 = 102 − 38
3
nf , (63)
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FIG. 3: The QCD running coupling constant αS(Q
2) at the NLO in dependence of Q2, obtained
with the effective flavor number nf = 3 and the QCD scale parameter ΛMS = 0.248GeV. The
energy scale Q2 = 0.16GeV2 and Q2 = 0.40GeV2 are marked by open squares as a guide.
together with the effective flavor number nf = 3 and the QCD scale parameter Λ = ΛMS =
0.248GeV, taken from the NLO analysis by Glu¨ck, Reya, and Vogt [67]. One sees that, at
Q2 = 0.16GeV2, αS(Q
2) is about 1.5, which immediately throw doubt on the use of the
perturbative QCD evolution equation.
The statement can be made more explicit by investigating the NLO evolution of the
tensor charges themselves. The anomalous dimensions at the NLO, which control the scale
dependencies of the moments of the transversities are given in [68],[69],[70]. We are interested
here in the NLO evolution of the 1st moment, i.e. the tensor charges. (Note that, since the
transversities do not couple to the gluon distributions, the evolution of the tensor charges
is flavor independent. For more detail, see the discussion later.) The solution of the NLO
evolution equation for the tensor charge ∆T q(Q
2) is given as
∆T q(Q
2)
∆T q(µ2)
=
(
αS(Q
2)
αS(µ2)
)γ(0)/2β0 [ β0 + β1 αS(Q2)/4 π
β0 + β1 αS(µ2)/4 π
] 1
2 ( γ
(1)/β1 − γ(0)/β0)
, (64)
with
γ(1)/2β1 =
(
724
9
− 104
27
nf
)
/ 2
(
102 − 38
3
nf
)
, (65)
γ(0)/2β0 = 4 / ( 33− 2nf ) . (66)
To NLO accuracy, the above solution are sometimes expanded as
∆T q(Q
2)
∆T q(µ2)
=
(
αS(Q
2)
αS(µ2)
)γ(0)/2β0 {
1 − 1
4 π
β1
β0
(
γ(1)
2 β1
− γ
(0)
2 β0
)
[αS(µ
2) − αS(Q2) ]
}
=
(
αS(Q
2)
αS(µ2)
)4/27 {
1 − 337
486 π
[αS(µ
2) − αS(Q2) ]
}
. (67)
Here, we have set nf = 3, which reproduces the form used in [37]. For large enough Q
2,
where the QCD running coupling constant is much smaller than unity, both expressions
should approximately be equivalent. However, we have already pointed out that, at the
scale of Q2 = 0.16GeV2, αS is even larger than 1.5.
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FIG. 4: The scale dependence of the tensor charge, where the evolution is started at µ2 = Q2ini =
0.16GeV2. The solid and dashed curves respectively correspond to the results obtained with the
exact (Eq.(64)) and approximate (Eq.(67) solution of the NLO evolution equation.
Shown in Fig.4 are the Q2-dependence of tensor charge, in which the evolution is started
at µ2 = Q2ini = 0.16GeV
2. The solid and dashed curves respectively correspond to the
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answers obtained by using the exact (Eq.(64)) and approximate (Eq.(67)) solutions of the
NLO evolution equation. One clearly observes a drastic difference between the two choices.
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FIG. 5: The scale dependence of the tensor charge, where the evolution is started at µ2 = Q2ini =
0.34GeV2. The solid and dashed curves respectively correspond to the results obtained with the
exact (Eq.(64)) and approximate (Eq.(67)) solution of the NLO evolution equation.
On the other hand, shown in Fig.5 are the Q2 dependence of the same quantity, where
the evolution is started at µ2 = Q2ini = 0.34GeV
2, which corresponds to the choice adopted
in the well-known NLO analysis of the parton distribution functions by Glu¨ck, Reya and
Vogt. The difference between the two forms of NLO evolution solutions is fairly small, in
this case. One might suspect that not only the scale Q2ini = 0.16GeV
2 but also the scale
Q2ini = 0.34GeV
2 is not high enough for the perturbative QCD framework to be justified
perfectly. This cannot be denied completely. Still, it is clear from our simple analysis
that there is a qualitative difference between the two choices of the starting energy, i.e.
Q2ini = 0.16GeV
2 and Q2ini = 0.34GeV
2. As already pointed out, the authors of [37] use an
approximate solution of the NLO evolution equation with the choice Q2ini = 0.16GeV
2 to
estimate the tensor charges at the scale Q2 = 0.40GeV2. The reduction of the magnitude
of tensor charge after this scale change is significant. It is about 0.75 if one uses Eq.(64),
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while it is about 0.67 if one uses Eq.(67). (See the open squares and the crosses in Fig.4.)
Undoubtedly, this enormous reduction has nothing to do with the nature of their effective
model. It is simply a consequence of starting the NLO evolution equation at such a low
energy scale.
Generally, for any effective models of baryons, it is very hard to say exactly what energy
scale the predictions of those correspond to. Probably, the best we can do at the moment
is to follow the spirit of PDF fit by Glu¨ck et al. [67], and use the predictions of those
models as initial-scale distributions given at the energy scale around 600MeV, or Q2ini ≃
(0.3 − 0.4)GeV2. In fact, such approach with use of the predictions of the CQSM has
achieved remarkable phenomenological success for both of the unpolarized and longitudinally
polarized PDFs [32],[60]. In the following, we shall therefore use the exact solution (64) of
the NLO evolution equation with the starting energy Q2ini = 0.34GeV
2 to estimate the
tensor charges at a desired scale from the predictions of low energy models.
In Fig.6, we compare the 1st empirical information on the tensor charges for the u- and
d-quarks at the renormalization scale Q2 = 0.8GeV2 obtained by Anselmino et al. with the
predictions of some low energy models as well as that of the lattice QCD. They all correspond
to the scale Q2 = 0.8GeV2. For all the low energy models except for the covariant quark-
diquark model of [37], the starting energy of the evolution was taken to be Q2ini = 0.34GeV
2
following the discussion above. In the case of the covariant quark-diquark model, we have
tried two choices of the starting energy, i.e. Q2ini = 0.16GeV
2 and Q2ini = 0.34GeV
2. On
the other hand, the predictions of the lattice QCD are given in [39] as
∆Tu = 0.857± 0.013, ∆Td = − 0.212± 0.005,
or
∆T q
(I−1) = 1.069± 0.018, ∆T q(I=0) = 0.645± 0.018.
Since these predictions correspond to the renormalization scale Q2 = 4GeV2, we evolve
those down by using eq.(64) to obtain the corresponding values at Q2 = 0.8GeV2. One sees
that all the theoretical predictions for the d-quark tensor charge are not largely different and
lie within the allowed range of phenomenological extraction. On the other hand, almost all
the theoretical predictions for ∆Tu are larger in magnitude than the empirical one, thereby
running off the allowed range of the empirical extraction. The prediction of the covariant
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FIG. 6: Comparison of empirical and theoretical tensor charges for the u- and d-quarks. The 1st
column and the shaded band stand for the recent empirical determination of the u- and d-quark
tensor charges by Anselmino et al., corresponding to the renormalization scale Q2 = 0.8GeV2. The
theoretical predictions shown in other columns are all transformed to the same renormalization scale
with use of the NLO evolution equation (64). See the text, for more detail.
quark-diquark model with use of the starting energy Q2ini = 0.16GeV
2 is an exception.
However, we have already pointed out a serious problem of using such a low starting energy.
At any rate, since the choice of the starting energy for low energy models is rather
arbitrary, one must be very careful when making a comparison between model predictions
for the tensor charges (or more generally transversity distribution) with phenomenologically
extracted ones. (This should be contrasted with the case of axial charges. As is widely
known, the isovector axial charge is known to be scale independent as a consequence of
current conservation. The isoscalar or flavor-singlet axial charge is generally scale dependent,
for example, in the standard MS factorization scheme, because of the UA(1) anomaly of QCD
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[74]-[76]. However, this scale dependence is known to be fairly weak except very low energy.)
Fortunately, we can avoid this troublesome problem of initial scale choice. The key point is
that, since the gluon does not couple to the chiral-odd transversities, the evolutions of tensor
charges are flavor independent. This in turn means that the ratio of two tensor charges as
∆Td/∆Tu or ∆T q
(I=0)/∆T q
(I=1) is totally scale independent.
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FIG. 7: Comparison of empirical and theoretical tensor charge ratio ∆Td/∆Tu, which is scale
independent.
Shown in Fig.7 is the empirically extracted tensor-charge ratio |∆Td/∆Tu| by Anselmino
et al. in comparison with several theoretical predictions, i.e. those of lattice QCD [39], non
relativistic quark model (NRQM) or the MIT bag model, covariant quark-diquark model
[37], and the CQSM [36]. We recall that this ratio is precisely 1/4 for both of the NRQM
and the MIT bag model. One can convince that the predictions of all the models as well
as that of the lattice QCD are not extremely far from this reference value, although the
prediction of the CQSM is smallest of all. Since the empirical uncertainties for this ratio is
still fairly large, we can say that all the theoretical predictions lie within the error-bars.
Next, in Fig.8, a similar comparison is made for the tensor charge ratio ∆T q
(I−0)/∆T q
(I=1).
Again, the prediction of the CQSM gives the smallest value among all the theoretical pre-
dictions. Within the large error-bars, however, all the theoretical predictions are consistent
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FIG. 8: Comparison of empirical and theoretical tensor charge ratio ∆T q
(I=0)/∆T q
(I=1), which is
scale independent.
with the phenomenological value. We emphasize once again that the tensor charge ratio as
|∆Td/∆Tu| and ∆T q(I=0)/∆T q(I=1) are exactly scale independent so that it offers a safe and
sound basis of comparison between theoretical predictions and the empirical extractions.
Further effort to reduce the uncertainties of phenomenological extraction would be highly
desirable.
As a general trend, one observes that the predictions for the tensor charge ratio
∆T q
(I=0)/∆T q
(I=1) by all the low energy models as well as by the lattice QCD are not
extremely far from the reference value of the SU(6) quark model, i.e. 3/5. This feature of
the tensor charges should be contrasted with that of axial charges. In Fig.9, we compare the
empirically known axial-charge ratio ∆q(I=0)/∆q(I=1) with the predictions of several models
and with that of lattice QCD. The empirical value here is taken from the HERMES analysis
of the longitudinally polarized structure functions of the deuteron and proton [71]. (See also
a similar analysis by COMPASS group [72],[73].) One sees that fairly small empirical ratio,
which is connected with the famous “nucleon spin crisis”, is reproduced only by the CQSM
and the lattice QCD, while the predictions of other low energy models are more or less close
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to that of the SU(6) quark model, i.e. ∆(I=0)/∆(I−1) = 3/5, thereby largely overestimating
this ratio.
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FIG. 9: Comparison of empirical and theoretical axial charge ratio ∆q(I=0)/∆q(I=1), which is
approximately scale independent.
In any case, as we have repeatedly emphasized, the possible difference between the axial
and tensor charges of the nucleon (or more generally, the difference between the longitu-
dinally polarized distribution functions and the transversity distribution functions of the
nucleon) offers one of the key information for disentangling the internal spin structure of the
nucleon. Particularly useful here, we think, is the comparison between the two ratios, i.e.
∆T q
(I=0)/∆T q
(I=1) and ∆q(I=0)/∆q(I=1). As we have emphasized, the former ratio is exactly
scale independent, while the latter has only a weak scale dependence, so that it offers a safe
and sound basis of comparison between theoretical predictions and empirical extractions for
them. Further effort to reduce the uncertainties of the phenomenological extraction of the
tensor charges is highly desirable to get more definite information on the possible difference
of these two fundamental quantities. Do we expect a spin crisis also for the transverse spins,
or the tensor charges ?
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IV. CONCLUSION
In summary, we have investigated the forward limit of a particular combination of
chiral-odd generalized parton distributions, i.e. GT (x, 0, 0) ≡ limξ→0,t→0 [HT (x, ξ, t) +
2 H˜T (x, ξ, t) + ET (x, ξ, t) ] as well as their lower moments within the framework of the chi-
ral quark soliton model, with particular emphasis upon the transversity decomposition of
the nucleon angular momentum proposed by Burkardt. We found rather strong chiral en-
hancement near x ∼ 0 for both of the isoscalar and isovector GPDs, which reminds us of a
similar chiral enhancement observed in the CQSM predictions for more familiar unpolarized
distribution functions of isoscalar and isovector types. We have shown that the GT is an
isoscalar-dominant quantity, while the isovector component also arises as an 1/Nc correction.
In particular, from the 1st moment sum rule of GT and HT , we have confirmed a isoscalar
dominance of the “anomalous tensor moments” κT , which indicates that the Boer-Mulders
functions for the u- and d-quarks would have roughly equal magnitude with the same sign.
It should be contrasted with the probable isovector dominance of the Sivers functions, or
of the anomalous magnetic moment of the nucleon. It is therefore a very important exper-
imental challenge to determine the relative sign and the magnitudes of the u- and d-quark
Boer-Mulders functions.
We have also discussed a delicate problem, which may arise when we try to compare
the phenomenologically extracted tensor charges with corresponding theoretical predictions.
We emphasize that the tensor charges are strongly scale dependent quantities but the ratios
as ∆Td/∆Tu and ∆T q
(I=0)/∆T q
(I=1) are exactly scale independent, so that these ratios are
expected to provide us with a safe and convenient basis of comparison between empirically
determined tensor charges of the nucleon and corresponding theoretical predictions.
APPENDIX A: ON THE 1ST MOMENT OF E˜T (x, 0, 0)
In this appendix, we shall explicitly verify that the 1st moment of E˜T (x, 0, 0) vanishes.
At the O(Ω0) level, only the isovector part of E˜T (x, 0, 0) survives as given by eq.(34). Its
1st moment can easily be written down as
∫ 1
−1
1
2MN
E˜
(I=1)
T (x, 0, 0) dx = −
Nc
3
∑
n∈occ
〈n | τ3 i x1 (γ1 γ5 − i γ2) |n〉
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= − Nc
18
∑
n∈occ
〈n | τ · (x× γ) |n〉. (A1)
Very interestingly, this expression resembles that of the O(Ω0) contribution to the isovector
magnetic moment of the nucleon in the CQSM given as
µ(I=1)(Ω0) = −MN Nc
9
∑
n∈occ
〈n | τ · (x× γ0 γ) |n〉, (A2)
where use has been made of the generalized spherical symmetry of the hedgehog config-
uration. Incidentally, we already know that the time reversal invariance enforces the 1st
moment of E˜T to vanish. As a consistency check of our theoretical framework, we shall ver-
ify it explicitly in the following. The formal proof in the CQSM utilizes the invariance under
the G5 transformation, which is a simultaneous operations of the standard time reversal and
a flavor SU(2) rotation. In a standard representation, it is given as
G5 = γ
1 γ2 τ2, (A3)
and satisfies the following identities
G5 γ
µG−15 = (γ
µ)T , G5 τaG
−1
5 = − (τa)T , (A4)
G5Φn(x) = Φ
∗
n(x), G5H G
−1
5 = H
T . (A5)
Using these properties, it is easy to verify the relations
〈n | τ · (x× γ) |n〉 = + 〈n | τ · (x× γ) |n〉,
〈n | τ · (x× γ0 γ) |n〉 = −〈n | τ · (x× γ0 γ) |n〉, (A6)
where use has been made of the reality of the relevant matrix elements. These relations
then dictates that the 1st moment of E˜
(I−1)
T must vanish identically, while µ
(I=1) need not,
as expected. At the O(Ω1) level, both the isoscalar and the isovector parts of E˜T (x, 0, 0)
survive at the first glance. In fact, their contribution to the 1st moments take the following
forms : ∫ 1
−1
1
2MN
E˜
(I=0)
T (x, 0, 0) dx
=
1
2 I
(
Nc
2
) ∑
m∈nocc,n∈occ
1
Em − En 〈n | (x× γ)3 |m〉 〈m | τ3 |n〉, (A7)∫ 1
−1
1
2MN
E˜
(I=1)
T (x, 0, 0) dx
= i ε3ac
Nc
6 I
∑
m∈nocc,n∈occ
1
Em − En 〈n | τa x1 γ2 |m〉 〈m | τc |n〉. (A8)
27
However, it is not so difficult to prove that both of the above expressions vanishes owing to
the symmetry under the G5 transformation. Since the SU(2) isospin symmetry is naturally
respected in our effective theory, this just reconfirms the general statement that the 1st
moments E˜
(I=0,1)
T vanish by time reversal invariance.
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